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Two vertices x, y  are siblings with respect to a set Q if both Q u {x} and 
Q v  { y  } induce a Pd. Two graphs G = (V, E) and G’ = ( V’, E’) are said to have the 
same sibling-structure if there is a bijection f: V + V’ such that vertices x, y  are 
siblings with respect to a set Q in G if and only iff(x), f( y) are siblings with respect 
to f(Q) in G’. We prove that if two graphs have the same sibling-structure then 
either both graphs are perfect or both graphs are imperfect. 0 1990 Academic Press. 
IllC. 
A graph G is perfect if for each induced subgraph H of G, the chromatic 
number of H equals the number of vertices in a largest clique of H. 
Berge [ 1 ] conjectured that a graph is perfect if and only if its complement 
is. This conjecture was proved by Lo&z [6] and nowadays, Lovasz’ 
theorem is known as the Perfect Graph Theorem. In 1984, Chvatal [Z] 
introduced the following notion: two graphs G = (V, E) and G’ = (V’, E’) 
are said to have the same P,-structure if there is a bijection f: V + v’ such 
that a set S of V induces a P, (the chordless path on four vertices) in G 
if and only if f(S) induces a P4 in G’. Chvatal conjectured that if two 
graphs have the same P,-structure, then either both graphs are perfect or 
both graphs are imperfect. Chvatal’s conjecture was recently proved by 
Reed [S]. To see that this result implies the Perfect Graph Theorem, it 
suffices to observe that since the P, is self-complementary, a graph G has 
the same P,-structure as its complement. 
In this paper, we are going to establish a generalization of Reed’s 
theorem. Two vertices x, y are said to be siblings with respect to a set Q 
if both Q u {x} and Q u {y} induce a Pd. Chvatal [3] proved that if the 
vertices of a graph G can. be coloured by two colours such that any two 
siblings receive the same colour, then G is perfect if and only if the two 
subgraphs induced by the vertices of each colour are perfect. (Chvatal’s 
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theorem generalises two previously known results (in [4,5]) on the 
P,-structure of perfect graphs.) Now, it is only natural to formulate the 
following notion: let us say that two graphs G = (V, E) and G’ = (I/‘, E’) 
have the same sibling-structure if there is a bijection f: V-+ I/’ such that 
vertices X, y are siblings with respect to a set Q in G if and only if 
f(x), f(y) are siblings with respect to f(Q) in G’. Now, we propose to 
prove the following theorem. 
THEOREM 1. Let G and G’ be two graphs with the same sibling-structure. 
Then G is perfect if and only if G’ is. 
Clearly, if two graphs have the same P,-structure then they have the 
same sibling-structure. Hence, Theorem 1 generalises Reed’s theorem 
(however, our proof relies on Reed’s theorem). There exist many graphs 
with the same sibling-structure but with different P,-structures; to take an 
example, consider the graphs P, and K4 (four pairwise adjacent vertices). 
By a minimal imperfect graph, we mean an imperfect graph such that all 
proper induced subgraphs are perfect. Two nonadjacent vertices are called 
an even-pair if any chordless path joining them has an even number of 
edges. To prove Theorem 1, we shall need the following lemma. 
THE EVEN-PAIR LEMMA (Meyniel [7]). No minimal imperfect graph 
contains an even-pair. 
Proof of Theorem 1. Let G = (V, E) and G’ = (V’, E’) be two graphs 
with the same sibling-structure, and let f: V -+ V’ be a bijection such that 
vertices x, y are siblings with respect to a set Q of V in G if and only if f(x) 
and f( y) are siblings with respect to f(Q) in G’. From now on, to simplify 
notations, we let t’ denote f(t) and X’ denote f(X) for any vertex t and 
subset X of V. 
We shall prove that 
either G and G’ have the same P,-structure (1) 
or 
G’ or its complement contains an even-pair. (2) 
To see that (1) and (2) imply the theorem, let us suppose that G is 
perfect but G’ is not. Since G’ is imperfect, it contains an induced subgraph 
which is minimal imperfect. Thus without loss of generality we may assume 
that G’ is minimal imperfect. If (1) holds then by Reed’s theorem G’ is 
perfect, contradicting our assumption; if (2) holds then by Meyniel’s 
Even-Pair Lemma, G’ is not minimal imperfect, again contradicting our 
assumption. 
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First, we shall prove that 
if a set S’ induces a P, in G’ then either S induces a P, in G, 
or else S’ contains an even-pair of G’. (3) 
Let us denote by v1 v2 ... v, the chordless path with vertices vl, v2, . . . . v, 
and edges v,vz, vzv3, . . . . v,- ,v,. To see that (3) holds, suppose the P4 
induces by S’ is a’b’c’d’. In G’, if {b’, d’} forms an even-pair then (3) holds. 
So we may assume that the vertices b’, d’ are the endpoints of a chordless 
path with an odd number of edges. Thus, there is a vertex y’ not in S’ that 
is adjacent to d’ and not adjacent to b’. Now, it is a routine matter to 
verify that y’ is a sibling of some vertex x’ in S’ with respect to s’ - x’. But 
then, by definition, S must induce a P, in G. Thus (3) holds. 
Now, to show that either (1) or (2) holds, we shall show that 
if S = abed is a P, of G then either S’ is a P, of G’, or 
(a’, d’} is an even-pair of G’ or of its complement. (4) 
To see that (4) holds, let us first assume that S’ does not induce a P, in 
G’. Now, note that 
in G no vertex s E S is a sibling of some vertex y 4 S with respect to S - s; 
(5) 
otherwise S’ induces a P, in G’, contradicting our assumption. From (5), 
we have the following observation. 
Observation 1. Each vertex y outside S satisfies precisely one of the 
following three conditions: 
(i) ys E E whenever s E S, 
(ii) ya, yd$E and yb, yc~E, 
(iii) ys 4 E whenever s E S. 
The observation implies that if T is a subset of three vertices outside S 
then 
(iv) T forms a P, with a (respectively 6) if and only if T forms a P4 
with d (respectively c). 
Now, in G’, we may assume that a’ is nonadjacent to d’ (or else, we may 
replace G’ by its complement). If a’ and d’ form an even-pair then we are 
done; hence we may assume that a’ and d’ are the endpoints of a chordless 
path P’ = vi v; . . . vi with k being an even integer and k 2 4. Let F: denote 
the P, v~v~+,v~+,v~+,, and let F’ = F; , L’ = FL _ 3. (Perhaps it is helpful to 
recall that (3) holds; that is, each Fi induces a P, in G.) 
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If k=4 then we have F’=L’, a’=v;, d’=vk, and 2<1F’nS’(= 
IFn Sl< 4. By (5) we must have [Fn SJ # 3 and so Fn S= {a, d}. But by 
Observation 1, F cannot induce a P,, contradicting (3). Thus, we know 
that k 2 6. 
Now, we shall show that IF’n S’I # 1. Assume this is false and let 
F’- a’ = {v;, vi, vi}. By (iv), we know that a and d are siblings with 
respect to F- a in G. However, in G’ the vertices a’ and d’ are not siblings 
with respect to F’ - a’ (d’ = vi with k > 6), a contradiction. 
Next, if IF’ n S’I = 3 then by Observation 1, F cannot induce a P,, 
contradicting (3); and so we have IFn S( = (F’ n S’I = 2. And, by sym- 
metry of the path P’, we have IL n S( = (L’ n S’I = 2. Now, we shall 
distinguish among two cases. 
Case 1. bEFnS. 
In this case, we know that c E L n S. We claim that 
b’ = v;. (6) 
To justify our claim, note that by Observation 1, F must be of the 
form abxy with {x, y} = F- S; furthermore, we know that the set 
T= { 6, c, x, y} does not induce a P4 in G, and so neither does its image 
T’ in G’ (by the contrapositive of (3)). Thus, we have c’ # vi. Now, note 
that Fz = bxyv, or F, = v,bxy. In both cases, by (iv), the vertices b, c are 
siblings with respect to {x, y, vs} (hence {x’, y’, vi, b’} and {x’, y’, v;, c’) 
induce P,‘s in G’). Since b’ = vi with 1 < i < 4, and c’ = vj with j> 5, it 
follows that b’ = vi (and so (6) holds) and c’ = ~6. Since (6) holds, we have 
c’ = vb- i by symmetry. But then we have k = 7, contradicting our assump- 
tion that k is even. Therefore (4) holds when b E Fn S. 
Case 2. cEFnS. 
In this case, we have b E L n S. The proof of this case is similar to that 
of Case 1. First, we shall prove that 
cl = v;. (7) 
To see that (7) holds, note that by Observation 1, F must be of the form 
axcy with {x, y } = F- S; and the set T = { 6, c, x, y } does not induce a P, 
in G, and so neither does its image T’ in G’ (by the contrapositive of (3)). 
Thus, we have b’ # vi. Now, note that F, = ycxv, or F2 = v5 ycx. In both 
cases, by (iv), the vertices b, c are siblings with respect to {x, y, vs}. Since 
c’ = vi with 1 < i < 4, and b’ = vJ- with j > 5, it follows that c’ = vi (and so (7) 
holds) and b’ = vk. Since (7) holds, we have b’ = v;- i by symmetry. But 
then we have k = 7, contradicting our assumIjtion that k is even. 1 
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